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THE INTRINSIC TORSION OF ALMOST
QUATERNION-HERMITIAN MANIFOLDS
FRANCISCO MARTÍN CABRERA AND ANDREW SWANN
Abstrat. We study the intrinsi torsion of almost quaternion-Her-
mitian manifolds via the exterior algebra. In partiular, we show how
it is determined by partiular three-forms formed from simple ombina-
tions of the exterior derivatives of the loal Kähler forms. This gives
a pratial method to ompute the intrinsi torsion and is applied in
a number of examples. In addition we nd simple haraterisations of
HKT and QKT geometries entirely in the exterior algebra and ompute
how the intrinsi torsion hanges under a twist onstrution.
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1. Introdution
An almost quaternion-Hermitian manifoldM is a Riemannian 4n-manifold
whih admits an Sp(n)Sp(1)-struture, i.e., a redution of its frame bundle
to the subgroup Sp(n)Sp(1) of SO(4n). This is equivalent to the presene of
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a Riemannian metri g = 〈·, ·〉 and a rank-three subbundle G of the endomor-
phism bundle EndTM , loally generated by three almost omplex strutures
I, J , K satisfying the identities of the imaginary unit quaternions. Almost
quaternion-Hermitian manifold are of speial interest beause Sp(n)Sp(1)
is inluded in Berger's list [2℄ of possible holonomy groups of loally irre-
duible Riemannian manifolds that are not loally symmetri. Also in the
eld of theoretial physis, the study of supersymmetri sigma models and
their ouplings to supergravity is very related with the study of omplex and
quaternioni strutures dened on Riemannian manifolds [10, 16℄.
Sine Sp(n)Sp(1) is a losed and onneted subgroup of SO(4n), there
exists a unique metri Sp(n)Sp(1)-onnetion ∇aqH = ∇LC+ξ, where ∇LC is
the Levi-Civita onnetion and ξ is a tensor, alled the intrinsi Sp(n)Sp(1)-
torsion, in T ∗M ⊗ (sp(n) + sp(1))⊥. Here (sp(n) + sp(1))⊥ denotes the
orthogonal omplement in so(4n) of the Lie algebra sp(n) + sp(1).
Under the ation of Sp(n)Sp(1), the spae T ∗M ⊗ (sp(n) + sp(1))⊥ of
possible intrinsi torsion tensors ξ deomposes into irreduible Sp(n)Sp(1)-
modules, giving rise to a natural lassiation of almost quaternion-Hermit-
ian manifolds. In [27℄ it was shown that, in general dimensions, ξ has six
omponents and 26 = 64 lasses of suh manifolds potentially arise. An al-
most quaternion-Hermitian manifold is said to be quaternion-Kähler, if the
intrinsi torsion ξ vanishes. In this ase, the redued holonomy group is a
subgroup of Sp(n)Sp(1) and the manifold is Einstein. On the other hand, if
the three almost omplex strutures are globally dened, then M is said to
be endowed with an almost hyperHermitian struture (an Sp(n)-struture).
When the three Kähler forms ωI , ωJ , ωK of the Sp(n)-struture are ovari-
ant onstant, the manifold is alled hyperKähler. HyperKähler manifolds
have redued holonomy group ontained in Sp(n) and their Rii urvature
vanishes.
By identifying the intrinsi Sp(n)Sp(1)-torsion ξ with the Levi-Civita o-
variant derivative of a ertain four-form Ω, dened below in equation (2.1),
one obtains an analogue of the method of Gray & Hervella [13℄ for nding
onditions for lasses of almost quaternion-Hermitian manifolds. Detailed
onditions desribing lasses in this way were given in [21℄.
In the present paper, we will take another approah. In fat, we will
show how the intrinsi torsion ξ an be determined by means of the exterior
derivatives dωI , dωJ and dωK of the loal Kähler forms orresponding to the
almost omplex strutures I, J ,K. In the proess, there will arise additional,
detailed information about the omponents of ξ whih will be very useful in
working on examples of almost quaternion-Hermitian manifolds. For all of
this, we give expressions for the ovariant derivatives ∇LCωA in terms of
dωI , dωJ and dωK , see Proposition 4.3. Suh expressions ontribute to a
better understanding of Hithin's result [14℄ saying that if ωI , ωJ and ωK
are losed, then they are ovariant onstant. Indeed in Proposition 4.3, we
show how the Nijenhuis tensor NI in general is determined by the dierene
JdωJ −KdωK . Let us briey explain one appliation of this result, f. 6.
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It is known that the geometry of the target spae of (4, 0) supersymmetri
even-dimensional sigma models without Wess-Zumino term (torsion) is a hy-
perKähler manifold. In presene of torsion, the geometry of the target spae
is a hyperKähler manifold with torsion, usually alled an HKT-manifold [17℄.
Granharov & Poon [11℄ showed that an almost hyperHermitian manifold
(M, I, J,K, 〈·, ·〉) is HKT if and only if:
(i) the three almost omplex strutures I, J and K are integrable, and
(ii) IdωI = JdωJ = KdωK .
A diret onsequene of our expression for NA is that ondition (ii) is suf-
ient to haraterise HKT geometry, and in partiular (ii) implies the in-
tegrability ondition (i). Similarly, we also show how Granharov & Poon's
holomorphi haraterisation for HKT-manifolds may be simplied, see 6.
It is known that an almost quaternion-Hermitian manifold the three o-
variant derivatives ∇LCωI , ∇LCωJ and ∇LCωK are not independent, but
rather any two determine the third [8, 21℄, see equation (4.5). The orre-
sponding statement for the exterior derivatives dωI , dωJ , dωK is not true.
However, we nd that there are still relations expressed by symmetries of
the three-forms
βI = JdωJ +KdωK , et.
see (4.12). These symmetries are equivalent to requiring βA to be of type
{2, 1} = (2, 1) + (1, 2) with respet to the almost omplex struture A. Al-
gebraially the βI , βJ and βK are independent three-forms of these types and
we nd that the spae of possible triples of ovariant derivatives (∇ωI ,∇ωJ ,∇ωK)
is isomorphi to the spae of possible triples of three-forms (βI , βJ , βK).
The relevane of the three-forms βI , βJ , βK is learly seen in Proposi-
tion 5.3, where we demonstrate how they may be used to ompute the om-
ponents of the intrinsi Sp(n)Sp(1)-torsion ξ. This gives a pratial way to
ompute ξ via the exterior algebra and will be used in the study of onrete
examples in 10.
In 7, we fous attention on quaternion-Kähler manifolds with torsion,
also known as QKT-manifolds. Motivation for studying these strutures an
be also found in the eld of theory of supersymmetri sigma models, see [15℄.
Our results lead to a new haraterisation (7.5) of QKT-manifolds that is
simpler than that provided by Ivanov [18, Theorem 2.2℄. We also obtain new
expressions for the torsion three-form and torsion one-form and study of the
integrability properties of the almost omplex strutures.
In 9, we onsider the intrinsi torsion of quaternion-Hermitian manifolds
obtained by the twist interpretation of T-duality given in [28℄. Using the
exterior algebra is partiularly advantageous here. We see that in many
ases the QKT ondition is preserved.
Finally, in 10, we give an number of examples of types of almost quaternion-
Hermitian manifolds. We partiularly mention one of the quaternioni stru-
tures onsidered on the manifold S3 × T 9 whih is a non-QKT-manifold
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admitting an Sp(n)Sp(1)-onnetion with skew-symmetri torsion (0, 3)-
tensor. In the various examples, we have also determined the types of al-
most Hermitian struture. Beause it is an advantage to handle Lie brakets
instead of diretly using ∇LC, we determine suh types by means of the
exterior derivative dωI and the Nijenhuis tensor NI . Therefore, in 8, we
inlude Table 8.1 showing onditions in terms of dωI and NI to haraterise
the Gray-Hervella lasses.
Aknowledgements. This work is supported by a grant from the MEC (Spain),
projet no. MTM2004-2644. We thank the organisers of the Workshop on
Speial Geometries in Mathematial Physi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hane to present some of this material.
2. Definitions and notation
Let G be a subgroup of the linear group GL(m,R). A manifold M is said
to be equipped with a G-struture, if there is a prinipal G-subbundle P of
the prinipal frame bundle. In suh a ase, there always exist onnetions,
alled G-onnetions, dened on the subbundle P . Moreover, if (Mm, 〈·, ·〉) is
an orientable m-dimensional Riemannian manifold and G a losed and on-
neted subgroup of SO(m), then there exists a unique metri G-onnetion
∇G suh that ξ = ∇G − ∇LC takes its values in g⊥, where g⊥ denotes the
orthogonal omplement in so(m) of the Lie algebra g of G [25, 4℄. The
tensor ξ is said to be the intrinsi G-torsion and ∇G is alled the minimal
G-onnetion.
A 4n-dimensional manifold M is said to be almost quaternion-Hermitian,
if M is equipped with an Sp(n)Sp(1)-struture. This is equivalent to the
presene of a Riemannian metri 〈·, ·〉 and a rank-three subbundle G of the en-
domorphism bundle EndTM , suh that loally G has an adapted basis I, J,K
satisfying I2 = J2 = −1 and K = IJ = −JI, and 〈AX,AY 〉 = 〈X,Y 〉, for
all X,Y ∈ TxM and A = I, J,K. An almost quaternion-Hermitian manifold
with a global adapted basis is alled an almost hyperHermitian manifold. In
suh a ase the struture group redues to Sp(n). We note that if I, J,K is
an adapted basis then so are J,K, I and K, I, J ; thus formulæ derived for
an arbitrary adapted I, J,K will also apply to yli permutations of these
almost omplex strutures.
There are three loal Kähler-forms ωA(X,Y ) = 〈X,AY 〉, A = I, J,K.
From these one may dene a global, non-degenerate four-form Ω, the funda-
mental form, via the loal formula
Ω =
∑
A=I,J,K
ωA ∧ ωA. (2.1)
We will write
ΛI : Λ
pT ∗M → Λp−2T ∗M
for the adjoint of · 7→ · ∧ ωI with respet to the metris
〈a, b〉 = 1p!a(ei1 , . . . , eip)b(ei1 , . . . , eip).
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In partiular, for a three-form β we have ΛIβ = 〈· y β, ωI〉, and for a one-form
ν, we have
ΛI(ν ∧ ωA) = −12
4n∑
i=1
(
ν(ei)ωA(Iei, ·) + ωA(ei, Iei)ν + ν(Iei)ωA(·, ei)
)
.
In the next setion, we will expliitly desribe the intrinsi torsion of
almost quaternion-Hermitian manifolds. For suh a purpose, we need some
basi tools related with almost quaternion-Hermitian manifolds in a ontext
of representation theory. We will follow the E-H-formalism used in [23,
27℄ and we refer to [3℄ for general information on representation theory.
Thus, E is the fundamental representation of Sp(n) on C2n ∼= Hn via left
multipliation by quaternioni matries, onsidered in GL(2n,C), and H is
the representation of Sp(1) on C2 ∼= H given by q.ζ = ζq¯, for q ∈ Sp(1) and
ζ ∈ H. An Sp(n)Sp(1)-struture on a manifold M gives rise to loal bundles
E and H assoiated to these representation and identies TM ⊗R C ∼= E⊗C
H.
On E, there is an Sp(n)-invariant omplex sympleti form ωE and a
Hermitian inner produt given by 〈x, y〉
C
= ωE(x, y˜), where y 7→ y˜ = jy is
a quaternioni struture map on E = C2n onsidered as left omplex vetor
spae. The mapping x 7→ xω = ωE(·, x) gives us an identiation of E with
its dual E∗. If {u1, . . . , un, u˜1, . . . , u˜n} is a omplex orthonormal basis for E,
then ωE = u
ω
i ∧ u˜ωi = uωi u˜ωi − u˜ωi uωi , where we have used the summation
onvention and omitted tensor produt signs. These onventions will be
used throughout the paper.
The Sp(1)-module H will be also onsidered as a left omplex vetor spae.
Regarding H as a 4-dimensional real spae with the Eulidean metri 〈·, ·〉
suh that {1, i, j, k} is an orthonormal basis. The omplex sympleti form
is given by ωH = 1
♭ ∧ j♭ + k♭ ∧ i♭ + i(1♭ ∧ k♭ + i♭ ∧ j♭), where h♭ is given by
q 7→ 〈h, q〉. We also have the identiation, h 7→ hω = ωH(·, h), of H with
its dual H∗ as omplex spae. On H, we have a quaternioni struture map
given by q = z1 + z2j 7→ q˜ = jq = −z¯2 + z¯1j, where z1, z2 ∈ C and z¯1, z¯2 are
their onjugates. If h ∈ H is suh that 〈h, h〉 = 1, then {h, h˜} is a basis of
the omplex vetor spae H and ωH = h
ω ∧ h˜ω.
The irreduible representations of Sp(1) are the symmetri powers SkH ∼=
C
k+1
. An irreduible representation of Sp(n) is determined by its dominant
weight (λ1, . . . , λn), where λi are integers with λ1 > λ2 > · · · > λn > 0. This
representation will be denoted by V (λ1,...,λr), where r is the largest integer
suh that λr > 0. We will only need to use some of these representations
and use more familiar notation for these: SkE = V (k), the kth symmetri
power of E; Λr0E = V
(1,...,1)
, where there are r ones in exponent and Λr0E is
the Sp(n)-invariant omplement to ωEΛ
r−2E in ΛrE; also K = V (21), whih
arises in the deomposition E⊗Λ20E ∼= Λ30E+K+E, where + denotes diret
sum.
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Most of the time in this paper, if V is a omplex G-module equipped
with a real struture, V will also denote the real G-module whih is (+1)-
eigenspae of the struture map. The ontext should tell us whih spae we
are referring to. However, when a risk of onfusion arise, we will denote the
seond mentioned spae by [V ]. Likewise, the following onventions will be
used in this paper. If ψ is a (0, s)-tensor, for A = I, J,K, we write
A(i)ψ(X1, . . . ,Xi, . . . ,Xs) = −ψ(X1, . . . , AXi, . . . ,Xs),
A(ij...k) = A(i)A(j) . . . A(k), and
Aψ(X1, . . . ,Xs) = (−1)sψ(AX1, . . . , AXs).
3. The intrinsi torsion via differential forms
The intrinsi Sp(n)Sp(1)-torsion ξ, n > 1, is in T ∗M⊗(sp(n) + sp(1))⊥ ∼=
EH ⊗ Λ20ES2H ⊂ T ∗M ⊗ Λ2T ∗M . The spae EH ⊗ Λ20ES2H onsists of
tensors ζ suh that
(i) (1 + I(23) + J(23) +K(23))ζ = 0;
(ii) ΛA(ζX) = 0, for A = I, J,K, X ∈ TM ,
where I, J,K is an adapted basis of G. We reall that Λ2T ∗M = S2E +
S2H + Λ20ES
2H, where S2E ∼= sp(n) and S2H ∼= sp(1) are the Lie algebras
of Sp(n) and Sp(1), respetively.
A onnetion ∇˜ is an Sp(n)Sp(1)-onnetion if ∇˜Ω = 0. This is the same
as saying that ∇˜ is metri, ∇˜g = 0, and quaternioni, meaning that for any
loal adapted basis I, J , K of G we have
(∇˜XI)Y = γK(X)JY − γJ(X)KY, et., (3.1)
where γI , γJ and γK are loally dened one-forms. Here and throughout the
rest of this paper, `et.' means the equations obtained by ylially permuting
I, J,K.
Proposition 3.1. The minimal Sp(n)Sp(1)-onnetion is given by
∇aqH = ∇LC + ξ,
where ∇LC is the Levi-Civita onnetion and the intrinsi Sp(n)Sp(1)-torsion
ξ is given by
ξXY = −14
∑
A=I,J,K
A(∇LCX A)Y + 12
∑
A=I,J,K
λA(X)AY,
for all vetors X,Y . Here the one-forms λI , λJ and λK are dened by
λI(X) =
1
2n
〈∇LCX ωJ , ωK
〉
, et. (3.2)
Note that if n = 1, then ∇aqH = ∇LC and ξ = 0.
Proof. It is not hard to hek ∇aqHg = 0, so ∇aqH is metri. Now, omputing
(ξXI)Y = ξXIY − IξXY , it is straightforward to obtain
(∇LCX I)Y = λK(X)JY − λJ(X)KY − ξXIY + IξXY, et. (3.3)
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Hene (∇aqHX I)Y = (∇LCX I)Y+(ξXI)Y = λK(X)JY −λJ(X)KY . Therefore,
∇aqH is an Sp(n)Sp(1)-onnetion.
Furthermore, the tensor ξ satises
∑
A=I,J,K
AξXAY = ξXY and
4n∑
i=1
〈ξXei, Aei〉 = 0,
for A = I, J,K. Sine these onditions imply ξ ∈ T ∗M ⊗ (sp(n)+ sp(1))⊥ =
T ∗M ⊗ Λ20ES2H, then ∇aqH = ∇LC + ξ is the minimal Sp(n)Sp(1)-onne-
tion. 
The next result desribes the deomposition of the spae of possible in-
trinsi torsion tensors T ∗M⊗Λ20ES2H into irreduible Sp(n)Sp(1)-modules.
Theorem 3.2 (Swann [27℄). The intrinsi torsion ξ of an almost quaternion-
Hermitian manifold M of dimension at least 8, has the property
ξ ∈ T ∗M ⊗ Λ20ES2H = Λ30ES3H +KS3H + ES3H
+ Λ30EH +KH + EH. 
(3.4)
If the dimension of M is at least 12, all the modules of the sum are non-
zero. For an eight-dimensional manifold M , we have Λ30E = {0}. Therefore,
for dimM > 12, we have 26 = 64 lasses of almost quaternion-Hermit-
ian manifolds, whereas there are 24 = 16 lasses when dimM = 8. The
map ξ 7→ ∇LCΩ = −ξΩ is an isomorphism, and in [21℄ this was exploited
to give expliit onditions haraterising these lasses in terms of ondi-
tions on ∇LCΩ. However, from suh onditions, it is not hard to derive
desriptions for the orresponding Sp(n)Sp(1)-omponents of ξ as we will
now demonstrate.
Firstly, the spae of three-forms Λ3T ∗M deomposes under the ation of
Sp(n)Sp(1) as
Λ3T ∗M = Λ30ES
3H + ES3H +KH + EH.
Consider the operator
L = LI + LJ + LK (3.5)
on Λ3T ∗M , where
LA = A(12) +A(13) +A(23).
The operator L has eigenvalues +3 and −3 with orresponding eigenspaes
(K + E)H and (Λ30E + E)S
3H. For ψ ∈ Λ3T ∗M , we have ψ = ψH + ψS3H
with
ψH =
1
6(3ψ + Lψ), (3.6)
ψS3H =
1
6(3ψ − Lψ). (3.7)
The omponent ψH is haraterised by LAψH = ψH , for A = I, J,K. On
the other hand ψS3H satises
∑
A=I,J,K A(12)ψS3H = −ψS3H . Writing ψH =
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ψ(KH)+ψ(EH) ∈ KH +EH and ψS3H = ψ(33) +ψ(E3) ∈ Λ30ES3H +ES3H,
one omputes
ψ(EH) = − 12n+1
∑
A=I,J,K
Aθψ ∧ ωA,
ψ(E3) = − 12(n−1)
∑
A=I,J,K
A
(
θψA − θψ
) ∧ ωA,
where θψA(X) = AΛAψ and θ
ψ = 13
∑
A=I,J,K θ
ψ
A.
Let us now desribe the Sp(n)Sp(1)-omponents of the intrinsi torsion ξ,
and inlude haraterisations via three-forms. We will write ξ33, ξK3, ξE3,
ξ3H , ξKH and ξEH for the omponents of ξ orresponding to the modules in
the sum (3.4). We have the following desriptions:
(i) ξ33 is a tensor haraterised by the onditions:
(a)
∑
A=I,J,K(ξ33)AA = −
∑
A=I,J,K A(ξ33)A = −ξ33,
(b) 〈·, (ξ33)··〉 is a skew-symmetri three-form.
Or equivalently, ξ33 is give by 〈Y, (ξ33)XZ〉 = ψ(3)(X,Y,Z), where ψ(3) lies
in the module Λ30ES
3H ⊂ Λ3T ∗M .
(ii) ξK3 is a tensor haraterised by the onditions:
(a)
∑
A=I,J,K(ξK3)AA = −
∑
A=I,J,K A(ξK3)A = −ξK3,
(b) SXY Z 〈Y, (ξK3)XZ〉 = 0.
Or equivalently, ξK3 is expressed by
〈Y, (ξK3)XZ〉 =
∑
A=I,J,K
A(23)ψ
(K)
A ,
where ψ
(K)
A , A = I, J,K, are loal three-forms in the module KH suh that∑
A=I,J,K ψ
(K)
A = 0.
(iii) ξE3 is given by
〈Y, (ξE3)XZ〉
= 1
n
∑
A=I,J,K
(
nA(θξA − θξ) ∧ ωA − (n− 1)A(θξA − θξ)⊗ ωA
)
(X,Y,Z),
where θξ is the one-form dened by
6
n
(2n+ 1)(n − 1)θξ(X) = −〈ξeiei,X〉 = −
∑
A=I,J,K
〈AξeiAei,X〉 , (3.8)
and θξI , θ
ξ
J , θ
ξ
K are the loal one-forms given by
2
n(2n + 1)(n − 1)θξA(X) = −〈AξeiAei,X〉 .
Note that 3θξ = θξI + θ
ξ
J + θ
ξ
K .
(iv) ξ3H is a tensor haraterised by the onditions:
(a) (ξ3H)AA−A(ξ3H)A −Aξ3HA = ξ3H , for A = I, J,K,
(b) SX,Y,Z 〈Y, (ξ3H)XZ〉 = 0.
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Or equivalently, ξ3H is expressed by
〈Y, (ξ3H)XZ〉 =
∑
A=I,J,K
A(23)ψ
(3)
A ,
where ψ
(3)
A , A = I, J,K are loal three-forms suh that
(p) ψ
(3)
A is in Λ
3
0ES
3H,
(q) ψ
(3)
A is of type {2, 1} with respet to the almost omplex struture A,
i.e., LAψ
(3)
A = ψ
(3)
A , A = I, J,K, and
(r)
∑
A=I,J,K ψ
(3)
A = 0.
One may hek that one of these three-forms is suient to determine the
others. Indeed
ψ
(3)
J = −12(3 + LJ)ψ
(3)
I and ψ
(3)
K = −12(3 + LK)ψ
(3)
I .
(v) ξKH is a tensor haraterised by the onditions:
(a) (ξKH)AA−A(ξKH)A −AξKHA = ξKH , for A = I, J,K;
(b) there exists a skew-symmetri three-form ψ(K) suh that
〈Y, (ξKH)XZ〉 =
(
3ψ(K) −
∑
A=I,J,K
A(23)ψ
(K)
)
(X,Y,Z);
()
∑4n
i=1(ξKH)eiei = 0.
Note that onditions (v.a) and (v.) an be replaed by saying that ψ(K) is
in KH, i.e., for eah A = I, J,K, the form ψ(K) is of type {2, 1}A and
satises ΛAψ
(K) = 0.
(vi) ξEH is given by
〈Y, (ξEH)XZ〉 = 3ei ⊗ ei ∧ θξ(X,Y,Z)
−
∑
A=I,J,K
(
ei ⊗Aei ∧Aθξ + 2nAθξ ⊗ ωA
)
(X,Y,Z),
where θξ is the global one-form dened by (3.8).
(vii) The part ξS3H = ξ33 + ξK3 + ξE3 of ξ in (Λ
2
0E + K + E)S
3H is
haraterised by the ondition
∑
A=I,J,K
(ξS3H)AA = −
∑
A=I,J,K
A(ξS3H)A = −ξS3H .
(viii) The part ξH = ξ3H + ξKH + ξEH of ξ in (Λ
2
0E + K + E)H is
haraterised by the ondition
(ξH)AA−A(ξH)A −A(ξH)A = ξH ,
for A = I, J,K.
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4. Use of exterior derivatives
Here we will nd out how the intrinsi torsion ξ an be determined by
means of the exterior derivatives of the Kähler forms dωI , dωJ and dωK .
In [20℄ it was shown that the ovariant derivatives ∇ωI , ∇ωJ and ∇ωK
are given by
∇LCωI = λK ⊗ ωJ − λJ ⊗ ωK + J(2)αK −K(2)αJ , et. (4.1)
where λA are given by equation (3.2) and αI , αJ , αK ∈ T ∗M ⊗ Λ20E ⊂
T ∗M ⊗ S2T ∗M are dened by
αI := −λI ⊗ g + 12(J(2) − J(3))∇LCωK
= −λI ⊗ g + 12(K(3) −K(2))∇LCωJ , et.
(4.2)
We may rewrite the intrinsi torsion ξ from Proposition 3.1 using equa-
tion (4.1) giving
ξXY = −12
(
(αI)XIY ) + (αJ)XJY + (αK)XKY
)
, (4.3)
where (αA) is given by 〈Y, (αA)X Z〉 = αA(X;Y,Z). Thus the intrinsi
torsion ξ only depends on the αA's; the λA's have no inuene.
Note that the dimension of the spae of possible triples (αI , αJ , αK) o-
inides with the dimension dimT ∗M ⊗ Λ20ES2H = 12n(2n + 1)(n − 1) =
3dimT ∗M ⊗ Λ20E of the spae of possible intrinsi torsion tensors.
As EH ⊗ Λ20E = Λ30EH +KH + EH, one may deompose αI into three
Sp(n)Sp(1)-omponents
αI = α
(3)
I + α
(K)
I + α
(E)
I ∈ Λ30EH +KH + EH.
If dimM = 8, the module Λ30E is trivial and the orresponding ompo-
nent α
(3)
I is not present. The omponent α
(E)
I is determined from a one-form
ηI whih is dened by
ηI(X) = αI(ei, ei,X). (4.4)
Furthermore, the omponents of the αA's an be used to haraterise lasses
of almost quaternion-Hermitian manifolds.
Proposition 4.1 (Cabrera & Swann [20℄). Let M be an almost quaternion-
Hermitian manifold with intrinsi torsion ξ. If I, J,K is an adapted basis of
G, then for V = 3,K,E,
(i) eah omponent ξV H is linearly determined by I(1)α
(V )
I + J(1)α
(V )
J +
K(1)α
(V )
K ,
(ii) eah omponent ξV 3 is linearly determined by I(1)α
(V )
I −J(1)α(V )J and
J(1)α
(V )
J −K(1)α(V )K .
Observing that A(1)α
(E)
A = Aα
(E)
A is linearly determined by the one-form
AηA, we have the following result.
Corollary 4.2. Under the same onditions as Proposition 4.1, we have:
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(i) ξEH is linearly determined by IηI + JηJ +KηK ,
(ii) ξE3 is linearly determined by IηI − JηJ and JηJ −KηK .
We now proeed to express the ovariant derivatives ∇LCX ωI , ∇LCX ωJ and
∇LCX ωK in terms of dωI , dωJ and dωK . We use a relation between these
ovariant derivatives found in [8, 21℄, whih may be symmetrially expressed
by(∇LCX ωI
)
(JY,KZ) +
(∇LCX ωJ
)
(KY, IZ) +
(∇LCX ωK
)
(IY, JZ) = 0 (4.5)
and the following identity given by Gray [12℄
2∇LCωI = dωI − I(23)dωI − I(3)NI , (4.6)
where NI(X,Y,Z) = 〈X,NI(Y,Z)〉 and the (1, 2)-tensor NI is the Nijenhuis
tensor for I, i.e., NI(X,Y ) = [X,Y ] + I[IX, Y ] + I[X, IY ]− [IX, IY ].
Under the ation of U(2n)I the spae of three-forms deomposes in to
irreduible modules as
Λ3T ∗M = Λ
{3,0}
I T
∗M + Λ
{2,1}
0,I T
∗M + Λ
{1,0}
I T
∗M ∧ ωI = W1+3+4,I ,
where WiI are isomorphi to the Gray-Hervella modules desribed in [13℄
and the subsript I indiates the almost omplex struture onsidered. Note
that a three-form ψ lies in W3+4,I = Λ
{2,1}
I T
∗M ⊂ Λ3T ∗M if and only if
(I(12) + I(13) + I(23))ψ = ψ, i.e., LIψ = ψ.
Proposition 4.3. For an adapted basis I, J,K the exterior derivatives dωI ,
et., determine
(i) the ovariant derivative ∇LCωI by
2∇LCωI = (1− I(23))dωI + (I(2) + I(3))J(1)dωJ (4.7)
− (1− I(23))J(1)dωK
= (1− I(23))dωI + (I(2) + I(3))K(1)dωK (4.8)
+ (1− I(23))K(1)dωJ ,
(ii) the Nijenhuis (0, 3)-tensor NI by
2NI = (I(12) + I(13) + I(23) − 1)J(23)(JdωJ −KdωK)
= (1− I(12))(K(23) − J(23))(JdωJ −KdωK),
(4.9)
(iii) the one-form IλI of equation (3.2) by
2nIλI = IΛKdωJ + JΛKdωI + JΛIdωK (4.10)
= IΛKdωJ + ΛIdωI − ΛKdωK , (4.11)
and moreover
(iv) JdωJ +KdωK ∈ W3+4,I , i.e.,
(I(12) + I(13) + I(23))(JdωJ +KdωK) = JdωJ +KdωK . (4.12)
The orresponding expressions with respet to J and K are obtained by yli
permutations of I, J,K.
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Proof. Equation (4.7) is derived from its right-hand side, taking into aount
that dωA(X,Y,Z) = SXY Z
(∇LCX ωA
)
(Y,Z), A = I, J,K, and making re-
peated use of equation (4.5). The proof for equation (4.8) is similar. Now,
(ii), (iii) and (iv) are immediate onsequenes of (4.7), (4.8) and Gray's
identity (4.6). 
The expressions for the intrinsi Sp(n)Sp(1)-torsion ξ given in next result
are onsequenes of the last proposition and equation (3.3).
Proposition 4.4. The intrinsi Sp(n)Sp(1)-torsion ξ is determined by the
exterior derivatives dωI , et., by
ξXY =
1
4n S
IJK
(ΛKdωJ − IΛIdωI + IΛKdωK)(X)IY
+ 18 S
IJK
((
I(2) + I(3) + (J(12) + J(13) +K(23) − 1)I(1)
)
dωI
)
(X,Y, ei)ei.
Proof. One omputes rst
ξXY =
1
4n S
IJK
{〈X y dωJ , ωK〉+ 〈IX y dωI , ωI〉 − 〈IX y dωK , ωK〉} IY
− 18 S
IJK
{
dωI(X,Y, Iei) + dωI(X, IY, ei)− dωJ(JX, Y, ei)
+ dωJ(JX, IY, Iei) + dωK(JX, Y, Iei)ei + dωK(JX, IY, ei)
}
ei;
and then takes advantage of the seond yli sum to rearrange terms. 
5. A minimal desription
Motivated by Proposition 4.3(iv), let us introdue the three-forms
βI = JdωJ +KdωK , et.
These determine the exterior derivatives dωI , dωJ , dωK as follows
2dωI = I(βI − βJ − βK), et..
and βA ∈ W3+4,A = Λ{2,1}A T ∗M , so the dimension of the spae of possible
exterior derivatives dωI , dωJ , dωK is at most 3 dim(W3+4) = 12n
2(2n − 1)
[13℄. On the other hand, equation (4.1) implies that the dimension of the
spae of ovariant derivatives ∇ωI , ∇ωJ , ∇ωK is determined by the possible
triples of λ's and α's. This dimension is 12n+12n(2n+1)(n−1) = 12n2(n−
1), whih oinides with the above one omputed for the β's. Therefore,
algebraially, the three-forms βI , βJ , βK are independent.
We will now show how, omponents of, the β's determine the intrinsi
torsion. Consider the ation of the group Sp(n)U(1)I , whih is the inter-
setion of U(2n)I with Sp(n)Sp(1), on the module W3+4,I = Λ
{2,1}
I T
∗M ⊂
Λ3T ∗M . It was shown in [20℄ that W3 ⊗C = (Λ30E +K +E)(LI + LI) and
W4 ⊗ C = E(LI + LI), where we write LI for the standard representation
of U(1)I on C. Sine Λ
3
0E, K, E are representations of quaternioni type
and LI is of omplex type, the tensor produts Λ
3
0EL, et., in the above
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deompositions are all of quaternioni type. The underlying real modules
[V ]R obtained by regarding the modules V as real vetor spaes give real
representations of Sp(n)U(1) and
W3I = [Λ
3
0ELI ]R + [KLI ]R + [ELI ]R3, W4I = [ELI ]R4.
Using these deompositions, the tensor βI splits into four omponents
βI = β
(3)
I + β
(K)
I + β
(E)
3I + β4I , (5.1)
with one-form parts
β
(E)
3I = −12JνI3 ∧ ωJ − 12KνI3 ∧ ωK + 12n−1IνI3 ∧ ωI , (5.2)
β4I = − 12n−1IνI4 ∧ ωI , (5.3)
where νI3 and ν
I
4 are one-forms, whih we will now speify. We have
νI4 = IΛIβI . (5.4)
A omputation gives the following formula determining νI3 from βI :
JΛJβI = KΛKβI =
1
2n−1
(
νI4 + (2n + 1)(n − 1)νI3
)
. (5.5)
Here the rst equality in (5.5) is equivalent to
IΛKdωJ + IΛJdωK = −ΛJdωJ + ΛKdωK (5.6)
whih is an immediate onsequene of equations (4.10) and (4.11) of Propo-
sition 4.3 and the fat that βA ∈ W3+4,A. We may now nd the other
omponents of βI via (3.6) and (3.7):
β
(3)
I =
1
6(2− LJ − LK)β
(3+K)
I , β
(K)
I =
1
6(4 + LJ + LK)β
(3+K)
I , (5.7)
where β
(3+K)
I = βI − β(E)3I − β4I .
Remark 5.1. The expressions for the one-form parts are a little simpler in
dimension four, i.e., n = 1. Reall that the Lee form of ωI is Id
∗ωI =
−ΛIdωI , where d∗ is the o-derivative. For n = 1, we have W3 = {0}, so
βI ∈ W4I , IΛIβI = JΛJβI = KΛKβI = νI4 , and
KΛJdωI = −JΛKdωI = −ΛIdωI = Id∗ωI , et.
Remark 5.2. In order to apply Proposition 4.1 to lassify almost quaternion-
Hermitian manifolds, the tensors α
(3)
A and α
(K)
A an be omputed from the
triples β
(3)
I , β
(3)
J , β
(3)
K and β
(K)
I , β
(K)
J , β
(K)
K respetively. In fat, we would
begin with equations (4.2) whih dene αA and then use Proposition 4.3.
To analyse the ES3H and EH omponents of the intrinsi torsion ξ, we
wish to apply Corollary 4.2 whih requires knowledge of the one-forms ηI .
Let us see how these are determined by the βI 's. Equation (4.1) gives
βI = −JλI ∧ ωK + JλK ∧ ωI + J Alt(K(2)αI)− J Alt(I(2)αK)
−KλJ ∧ ωI +KλI ∧ ωJ +K Alt(I(2)αJ)−K Alt(J(2)αI),
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where Alt(φ)(X,Y,Z) = SXY Z φ(X,Y,Z), for φ ∈ T ∗M ⊗ Λ2T ∗M . This
ombined with (4.11) leads to
4nIηI = 2(n − 1)JΛJβI + IΛI((n − 1)βI + βJ + βK)
− nJΛJβJ − nKΛKβK ,
4nIλI = 2JΛJβI + IΛI(βI − βJ − βK), et.
Note that the right-hand sides of these equations are linear ombinations
of νA3 and ν
A
4 , A = I, J,K, so
IηI =
(2n+1)(n−1)
4n(2n−1)
(
(2(n − 1)νI3 + νJ3 + νK3 ) + (νI4 − νJ4 − νK4 )
)
,
IλI =
(2n+1)(n−1)
4n(2n−1) (2ν
I
3 − νJ3 − νK3 ) + 14n(2n−1)((2n + 1)νI4 − νJ4 − νK4 ),
et.
The next proposition shows learly the rles played by the three-forms βI ,
βJ and βK in determining the omponents of the intrinsi torsion ξ. This
provides a pratial way to ompute ξ using the tools of the exterior algebra.
Proposition 5.3. For an almost quaternion-Hermitian 4n-manifold, n > 1,
we have:
(i) The three-form ψ(3), whih determines ξ33, is given by
ψ(3) = 112(β
(3)
I + β
(3)
J + β
(3)
K ). (5.8)
(ii) The loal three-forms ψ
(3)
I , ψ
(3)
J , ψ
(3)
K eah of whih determine ξ3H ,
are given by
ψ
(3)
A = −18β
(3)
A +
1
48 (3 +LA)
∑
B=I,J,K
β
(3)
B . (5.9)
(iii) The three-form ψ(K), whih determines ξKH, is given by
ψ(K) = − 148(β
(K)
I + β
(K)
J + β
(K)
K ). (5.10)
(iv) The loal three-forms ψ
(K)
I , ψ
(K)
J , ψ
(K)
K whih determine ξK3, are
given by
ψ
(K)
A = −12β
(K)
A +
1
6
∑
B=I,J,K
β
(K)
B . (5.11)
(v) The one-form θξ, whih determines ξEH , is given by
θξ = n24(2n−1)
∑
A=I,J,K
(νA3 − 2AλA), (5.12)
(vi) The loal three-forms θξI , θ
ξ
J , θ
ξ
K whose dierenes θ
ξ
A− θξ determine
ξE3, are given by
θξA =
n
4(n+1)
(
(νA3 − 2AλA)− n−12(2n−1)
∑
B=I,J,K
(νB3 − 2BλB)
)
. (5.13)
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Proof. For the ovariant derivative of the loal Kähler forms ωI , we have
∇LCX ωI(Y,Z) = λK(X)ωJ (Y,Z)− λJ(X)ωK(Y,Z)
− 〈Y, ξXIZ〉 − 〈IY, ξXZ〉 ,
(5.14)
from whih one derives
IdωI = −IλK ∧ ωJ + IλJ ∧ ωK − S
XY Z
(〈Y, ξIXIZ〉+ 〈IY, ξIXZ〉
)
and
βI = KλI ∧ ωJ − JλI ∧ ωK − Iλ+I ∧ ωI
− S
XY Z
(〈Y, ξJXJZ〉+ 〈JY, ξJXZ〉+ 〈Y, ξKXKZ〉+ 〈KY, ξKXZ〉
)
,
(5.15)
where λ+I = JλJ +KλK .
For parts (i) and (ii), equation (5.15) gives
−β(3)I (X,Y,Z) = S
XY Z
〈Y, (ξ33 + ξ3H)JXJZ〉+ 〈JY, (ξ33 + ξ3H)JXZ〉
+ 〈Y, (ξ33 + ξ3H)KXKZ〉+ 〈KY, (ξ33 + ξ3H)KXZ〉 .
We now get
β
(3)
A = 6ψ
(3) + 2LAψ
(3) − 8ψ(3)A
whih leads to equations (5.8) and (5.9) as required.
For parts (iii) and (iv), we use (5.15) to get
β
(K)
A = −16ψ(K) − 2ψ(K)A ,
whih gives equations (5.10) and (5.11).
Finally, for parts (v) and (vi), use (5.15) to nd
nβ
(E)
I = −I
(
nλ+I + 6(n − 1)θξ − 2(3n + 1)θξI
) ∧ ωI
− J(nIλI + 6(n − 1)θξ + 2(n+ 1)θξI
) ∧ ωJ
−K(nIλI + 6(n− 1)θξ + 2(n + 1)θξI
) ∧ ωK , et.
Using equations (5.2), (5.3) and (5.5), this gives
νA3 = 2AλA +
4
n
(
3(n − 1)θξ + (n + 1)θξA
)
, (5.16)
νA4 = (2n− 1)λ+A + 2AλA + 6(n−1)(2n+1)n (θξ − θξA), (5.17)
for A = I, J,K. As 3θξ = θξI+θ
ξ
J+θ
ξ
K, equations (5.12) and (5.13) follow. 
We may now quikly reord what happens under onformal hanges of
metri.
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Proposition 5.4. On a almost quaternion-Hermitian 4n-manifold, if we
onsider a onformal hange of metri 〈·, ·〉o = e2σ 〈·, ·〉, with σ ∈ C∞(M),
then
ωoA = e
2σωA, dω
o
A = e
2σ (2dσ ∧ ωA + dωA) ,
Ad∗ωoA = Ad
∗ωA − 2(2n − 1)dσ, AλoA = AλA − 1ndσ,
βoI = e
2σ (βI + 2Jdσ ∧ ωJ + 2Kdσ ∧ ωK) , et.,
νA3
o
= νA3 − 4dσ, νA4
o
= νA4 − 4dσ, θξ
o
= θξ − 14dσ, θξ
o
A = θ
ξ
A − 14dσ.
In partiular, the only omponent of the intrinsi torsion that hanges is ξoEH .
Proof. The identities follow from the denitions of eah tensor involved. For
the intrinsi torsion, use these identities, Proposition 5.3 and the desriptions
of the omponents of ξ given at the end of 3. 
6. HyperKähler manifolds with torsion
In this setion we will see some onsequenes of Proposition 4.3 in HKT-
geometry. This geometry arises on the target spae of a N = 2 super-
symmetri (4, 0) σ-models with Wess-Zumino term.
Denition 6.1 (Howe & Papadopoulos [17℄). An almost hyperHermitian
manifold (M, I, J,K, g = 〈·, ·〉) is an HKT-manifold (hyperKähler with tor-
sion), if the following onditions are satised:
(i) the almost omplex strutures I, J,K are integrable;
(ii) M admits a linear onnetion ∇HKT = ∇LC + 12T , suh that
(a) ∇HKTI = ∇HKTJ = ∇HKTK = 0, and
(b) ∇HKTg = 0;
(iii) the (0, 3)-tensor eld, also denoted by T , dened by T (X,Y,Z) =
〈X,T (Y,Z)〉 is a skew-symmetri three-form.
A result of Granharov & Poon [11℄ says that an almost hyperHermitian
manifold M is HKT if and only if (I, J,K, 〈·, ·〉) is hyperHermitian (i.e.,
NI = NJ = NK = 0) and IdωI = JdωJ = KdωK . We now give the follow-
ing improvement of this result, showing that the integrability assumption is
redundant.
Proposition 6.2. Let (M, I, J,K, g) be an almost hyperHermitian manifold.
Then the following onditions are equivalent:
(i) M is an HKT-manifold;
(ii) IdωI = JdωJ = KdωK ;
(iii) βI = βJ = βK .
Proof. If M is a HKT -manifold, we have a onnetion ∇HKT = ∇LC + 12T
satisfying the onditions given in Denition 6.1. The integrability ondition
gives NI = 0 = NJ = NK and ∇LCωA ∈ W3+4,A. Now, using equation (4.6),
we obtain T = IdωI = JdωJ = KdωK =
1
2βI ∈ W3+4.
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Conversely, suppose IdωI = JdωJ = KdωK . Proposition 4.3(ii) gives
NI = NJ = NK = 0. The onnetion∇HKT = ∇LC+12T , where 〈X,T (Y,Z)〉 =
IdωI(X,Y,Z) now satises the HKT onditions. 
Grantharov & Poon [11℄ give a seond haraterisation of HKT manifolds
in terms of the omplex geometry of I. Let us dene as usual the operators
∂A and ∂¯A ating on a p-form ψ by
∂Aψ =
1
2 (d+ (−1)p iAdA)ψ, ∂¯Aψ = 12 (d− (−1)p iAdA)ψ.
Assuming integrability of I, J and K, Grantharov & Poon show that M is
HKT if and only if the (2, 0)-form ωJ + iωK is ∂I -losed. One again we may
weaken the integrability requirements.
Proposition 6.3. Let (M, I, J,K, g) be an almost hyperHermitian manifold.
Then the following onditions are equivalent:
(i) M is an HKT-manifold;
(ii) JdωJ = KdωK and NJ = 0;
(iii) ∂I(ωJ + iωK) = 0 and NJ = 0;
(iv) ∂¯I(ωJ − iωK) = 0 and NJ = 0.
Proof. It is easy to see that the three onditions JdωJ = KdωK , ∂I(ωJ +
iωK) = 0 and ∂¯I(ωJ − iωK) = 0, are equivalent. Moreover, by Proposi-
tion 4.3(ii), the ondition JdωJ = KdωK implies NI = 0. Now, the integra-
bility of I and J imply that K is integrable (see [22℄ or the newer proof [20℄).
Hene, any of the last three onditions give that the manifold is hyperHer-
mitian and ∂I(ωJ + iωK) = 0 and we obtain HKT from Grantharov &
Poon.
Alternatively, we may prove the result just using tools ontained in the
present paper. Suppose NJ = 0 and JdωJ = KdωK . Then JdωJ and hene
KdωK lie in W3+4,J . However, Proposition 4.3(iv) gives thatKdωK+IdωI ∈
W3+4,J , so we have IdωI ∈ W3+4,J too. Now let us use Proposition 4.3(ii) for
the integrability of J . We have 0 = K(23)(−J(12)−J(13)+J(23)−1)(KdωK −
IdωI). But J(12) + J(23) + J(13) = 1 on W3+4,J and JdωJ = KdωK , so
J(23)(JdωJ − IdωI) = JdωJ − IdωI .
Skew-symmetrising both sides of the identity, we nd that JdωJ − IdωI =
3(JdωJ − IdωI). So, IdωI = JdωJ = KdωK . 
Next we desribe the very speial situation for four-dimensional HKT-
manifolds.
Proposition 6.4. If M is an almost hyperHermitian 4-manifold, then the
following onditions are equivalent:
(i) M is an HKT-manifold;
(ii) the three Lee one-forms are equal, i.e., Id∗ωI = Jd
∗ωJ = Kd
∗ωK;
(iii) the almost omplex strutures I and J are integrable;
(iv) the almost Hermitian strutures orresponding to I and J are loally
onformally Kähler, so M is loally onformally hyperKähler.
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Proof. For dimension 4, the Gray-Hervella modules W1 and W3 are zero, we
have Iθ ∧ ωI = Jθ ∧ ωJ = Kθ ∧ ωK , for all one-forms θ, and any three-form
may be written in this way. If M4 is an HKT-manifold, we see that the
almost Hermitian strutures are of type W4 and that
T = AdωA = −At ∧ ωA,
where t = AΛAT = −ΛAdωA = Ad∗ωA. On the other hand, if the three Lee
forms are equal to a one-form t, then
IdωI = −It ∧ ωI = −Jt ∧ ωJ = JdωJ .
Hene IdωI = JdωJ = KdωK and M is HKT.
For onditions (iii) or (iv), the three almost omplex strutures are in-
tegrable, so the almost Hermitian strutures have a ommon Lee form,
by [20℄. 
In 4 it was shown that for any almost quaternion-Hermitian manifold,
the exterior derivatives of the three loal Kähler forms of an adapted basis
I, J , K satisfy the identities (5.6). When the manifold is HKT, additional
identities are also satised.
Lemma 6.5. For a 4n-dimensional HKT-manifold, the exterior derivatives
dωI, dωJ and dωK satisfy
t = −ΛIdωI = KΛJdωI = −JΛKdωI , et., (6.1)
where t = Id∗ωI = Jd
∗ωJ = Kd
∗ωK . Furthermore, IλI = JλJ = KλK =
1
2n t, θ
ξ = θξI = θ
ξ
J = θ
ξ
K and the one-forms orresponding to the E-parts
of βA are suh that
νI4 = ν
J
4 = ν
K
4 = 2t, (6.2)
νI3 = ν
J
3 = ν
K
3 = 32θ
ξ = 42n+1t, (6.3)
where the seond line holds for n > 1.
Proof. Sine 2T = βI = βJ = βK , we have
IΛIβA = JΛJβA = KΛKβA,
from whih we obtain (6.1) and (6.2), via (5.4). Now, using equation (5.5),
we have (2n + 1)(n − 1)νA3 = 4(n − 1)Ad∗ωA and hene (6.3). 
7. Quaternion-Kähler manifolds with torsion
A genuinely quaternioni analogue of HKT geometry also arises in the
physis literature via the theory of super-symmetri sigma models. In this
setion we give a denition in terms of intrinsi torsion, relate this denition
to the existene of onnetions with skew-symmetri torsion, provide dif-
ferent haraterisations of the geometry and desribe the relationship with
HKT geometry. Important mathematial work in this diretion was previ-
ously done by Ivanov [18℄. Here we onentrate on the intrinsi geometry, t
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the geometry into our general formalism and improve and larify a number
of his results.
Denition 7.1. An almost quaternion-Hermitian manifold of dimension
4n > 8 is QKT (quaternion-Kähler with torsion) if its intrinsi torsion lies
in (K + E)H.
As in other ases, we may write this ondition on the intrinsi torsion in
terms of three-forms.
Lemma 7.2. The intrinsi torsion ξ lies in (K + E)H preisely when it is
given by a three-form ψ ∈ (K + E)H ⊂ Λ3T ∗M via
〈Y, ξXZ〉 =
(
3ψ +
∑
A=I,J,K
(−A(23)ψ + 2nAθψ ⊗ ωA
))
(X,Y,Z), (7.1)
where θψ = IΛIψ = JΛJψ = KΛKψ. Moreover, for a given intrinsi torsion
ξ ∈ (K + E)H we have that ψ ∈ Λ3T ∗M is unique and given by
48(n − 1)ψ = (n− 1)d∗Ω+ 12
∑
A=I,J,K
Aθd
∗Ω ∧ ωA,
where Ω is the fundamental four-form (2.1) and d∗ is the o-derivative.
When applying this result it is often useful to reall the formula [21℄
d∗Ω = 2
∑
A=I,J,K
(d∗ωA ∧ ωA −AdωA).
Let us now demonstrate how the QKT ondition relates to onnetions
with skew-symmetri torsion and so the original denition of Howe, Opfer-
mann & Papadopoulos [15℄. Reall that (K + E)H ⊂ Λ3T ∗M is the (+3)-
eigenspae of the operator L given in (3.5).
Theorem 7.3. An almost quaternion-Hermitian manifold M is QKT if and
only if there exists a metri onnetion ∇QKT = ∇LC + 12T that is quater-
nioni and whose (0, 3)-torsion T (X,Y,Z) = 〈X,T (Y,Z)〉 is a three-form
satisfying in LT = −3T . WhenM is QKT, ∇QKT is the unique Sp(n)Sp(1)-
onnetion on M with skew-symmetri torsion.
Conretely, we laim that the intrinsi torsion ξ of the QKT struture is
given by (7.1) with ψ = −18T and that so
T = −16d∗Ω− 112(n−1)
∑
A=I,J,K
Aθd
∗Ω ∧ ωA.
Note that in 10 we will provide examples of almost quaternion-Hermitian
manifolds that are not QKT but none-the-less admit Sp(n)Sp(1)-onnetions
with skew-symmetri torsion.
Proof. If ξ ∈ (K+E)H, then ξ is given by equation (7.1) for some ψ in (K+
E)H. Putting T = −8ψ we nd that ∇QKT = ∇LC + 12T is metri and,
via (3.3), quaternioni.
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Conversely, if M has suh a onnetion ∇QKT, then
∇LCωI = γK ⊗ ωJ − γJ ⊗ ωK − 12(I(2) + I(3))T, (7.2)
where γA, A = I, J,K, are the one-forms given by (3.1) for ∇˜ = ∇QKT.
Using equation (5.14), we nd
〈Y, ξXZ〉 = −1
8
(
3T −
∑
A=I,J,K
A(23)T
)
(X,Y,Z)
+
1
2
∑
A=I,J,K
(λA − γA)⊗ ωA(X,Y,Z).
(7.3)
As ξ ∈ T ∗M ⊗ Λ20ES2H, we have 〈Aei, ξXei〉 = 0 and nd
λA − γA = − 12nAt, (7.4)
with t = IΛIT = JΛJT = KΛKT . Using (7.4) equation (7.3), we obtain
equation (7.1) with ψ = −18T ∈ (K + E)H. 
Remark 7.4. The situation for 4-dimensional almost quaternion-Hermitian
manifolds is very speial. Here the Levi-Civita onnetion is always quater-
nioni, i.e.,
∇LCI = λK ⊗ J − λJ ⊗K, et.
Also in this dimension, we have Λ3T ∗M ∼= T ∗M and any three-form T may
be written as T = −At ∧ ωA for some one-form t valid for A = I, J and K.
In this way, given any t ∈ Ω1(M), we may onstrut ∇˜ = ∇LC + 12T and
nd
∇˜I = γK ⊗ J − γJ ⊗K, et.,
where γA = λA+
1
2At. Hene ∇˜ is a onnetion with skew-symmetri torsion
preserving the almost quaternion-Hermitian struture. However, in this ase,
∇˜ is not unique.
Forgetting the metri of an almost quaternion-Hermitian struture we are
left with an almost quaternioni struture. This is an integrable quaternioni
struture if there is a torsion-free quaternioni onnetion ∇q, i.e., ∇˜ = ∇q
satises (3.1); this is a weaker ondition than integrability of I, J and K.
In the presene of a ompatible metri, integrability of the quaternioni
struture is equivalent to the vanishing of ξS3H , the (Λ
3
0E + K + H)S
3H-
part of the intrinsi torsion, f. [24℄. In dimension four, this ondition is just
self-duality of the onformal struture. In dimension 8, the module Λ30E is
zero, so ξ ∈ (K+E)(S3H+H) and integrability implies that ξ ∈ (K+E)H.
We thus have:
Proposition 7.5. Any ompatible metri on an eight-dimensional quater-
nioni manifold is QKT. 
This applies for example to any metri ompatible with Joye's invariant
hyperomplex struture on SU(3) [19℄.
The one-form t in the proof of Theorem 7.3 has independent importane.
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Denition 7.6. For a QKT manifold with torsion three-form T the torsion
one-form t is dened by
t = IΛIT,
for any ompatible almost omplex struture I.
There are many alternative expressions for t:
Lemma 7.7. For a 4n-dimensional QKT -manifold, n > 1, the torsion one-
form t satises
−3(n−1)4n t = (ξeiei)♭ = −32AηA = 116n ∗ (∗dΩ ∧ Ω) = − 38nAΛAd∗Ω,
where ηA is given by (4.4) and X
♭ = 〈X, ·〉.
Remark 7.8. The one-form
∗(∗dΩ ∧Ω) = −2
∑
A=I,J,K
AΛAd
∗Ω
was onsidered in [21℄ in relation the EH-omponent of ξ in general. One
nds that ∗(∗dΩ ∧ Ω) = 16n (ξeiei)♭. There it was noted that
4n(JηJ +KηK) = 2IΛId
∗Ω = − ∗ (∗dΩ ∧ ωI ∧ ωI) .
Proof. Using (4.3), one nds (ξeiei)
♭ = −12
∑
A=I,J,K AηA. When ξ is in (K+
E)H, we have IηI = JηJ = KηK . Therefore, (ξeiei)
♭ = −32IηI . On the other
hand, using Ψ = −18T in equation (7.1), we obtain (ξeiei)♭ = −3(n−1)4n t.
The remaining equalities follow from Remark 7.8 
Further relations between the torsion three-form T and the four-form Ω
follow from equation (7.2). In partiular, we have
∇LCΩ = −
∑
A=I,J,K
(A(2) +A(3))T ∧ ωA, dΩ = −2
∑
A=I,J,K
AT ∧ ωA.
Let us now give a haraterisation of QKT manifolds.
Theorem 7.9. An almost quaternion-Hermitian manifold M is QKT if and
only if for eah loal adapted basis I, J , K there are loal one-forms γI , γJ ,
γK suh that
βJ − βI = IdωI − JdωJ
= I(KγK) ∧ ωI − J(KγK) ∧ ωJ +Kγ−K ∧ ωK , et.,
(7.5)
where γ−K = IγI − JγJ ;
In this ase, the skew-symmetri torsion three-form T is given by
2T = 2(IdωI + J(KγK) ∧ ωJ +K(JγJ ) ∧ ωK) (7.6)
= βI + J(IγI) ∧ ωJ +K(IγI) ∧ ωK + Iγ+I ∧ ωI , et. (7.7)
where γ+I = JγJ +KγK and
2(n− 1)IγI = (ΛJ + IΛK)dωJ = (ΛK − IΛJ)dωK , et.. (7.8)
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Remark 7.10. Equation (7.7) also implies that, for dimensions stritly greater
than four, the QKT-onnetion ∇QKT is unique. This fat was already
proved by Ivanov, who also haraterised QKT-manifolds by the dierenes
(IdωI)W3+4,I − (JdωJ)W3+4,J [18, Theorem 2.2℄. Our Theorem 7.9 an be
onsidered as an improved version, based on the three-forms βA, whih are
automatially in W3+4,A.
Remark 7.11. Let us write W
(E)
3I (ηI) and W4I(ηI) for the right-hand sides of
equations (5.2) and (5.3), respetively. Equation (7.7) an then be written
2T = βA −W(E)3A (2AγA) −W4A
(
2AγA + (2n − 1)γ+A
)
.
Consequently, we see that QKT-manifolds have
β
(3)
A = 0, β
(K)
I = β
(K)
J = β
(K)
K ,
νA3 = 2AγA +
4
2n+1t and ν
A
4 = 2AγA + (2n− 1)γ+A + 2t,
using equation (7.4) and Lemma 7.7. This should be ompared with the
results of Lemma 6.5.
Proof. SupposeM is QKT. From ∇QKT = ∇LC+ 12T and equation (7.2), we
have
dωI = −IT + γK ∧ ωJ − γJ ∧ ωK . (7.9)
Multiplying by I gives (7.6) and equation (7.5) follows.
Conversely, if equation (7.5) is satised for some one-forms γA, then we
may onsider the three-form T given by (7.6) and use (7.5) to obtain the
alternative expression (7.7), see that it is unhanged by a yli permutation
of I, J,K, and hene globally dened. By Proposition 4.3(iv), we nd that
T ∈ W3+4,A, for A = I, J,K. Hene T ∈ (K + E)H and M is a QKT -
manifold for the onnetion ∇QKT = ∇LC + 12T .
Finally, using equation (7.9), we get
KΛJdωI = t+ JγJ + (2n − 1)KγK and − ΛIdωI = t+ JγJ +KγK .
Using the identity (5.6), now provides the laimed expressions for IγI . 
The ontration identity (5.6) used above is valid for all almost quaternion-
Hermitian manifolds. When the struture is QKT, there are additional iden-
tities of this type.
Proposition 7.12. For a loal adapted basis I, J,K of a QKT-manifold, the
following identities are satised:
Id∗ωI = t+ JγJ +KγK = JλJ +KλK + 2IηI , et., (7.10)
JγJ −KγK = JλJ −KλK = −(Jd∗ωJ −Kd∗ωK), et., (7.11)
JΛKdωI +KΛIdωI = −2(n− 1)(ΛJdωJ − ΛKdωK), et., (7.12)
JΛIdωK +KΛIdωJ = (2n − 1)(ΛJdωJ − ΛKdωK), et. (7.13)
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Proof. As M is a QKT-manifold, we have from equation (7.2)
d∗ωI = −(∇eiωI)(ei, ·) = −It− I(JγJ +KγK)
giving the rst equality of equation (7.10). On the other hand, it was shown
in [20℄ that Id∗ωI = JλJ +KλK + JηJ +KηK . But, for manifolds of type
KH +EH, we have IηI = JηJ = KηK by Corollary 4.2, and we obtain the
seond equality of equation (7.10).
Equation (7.11) is an immediate onsequene of equation (7.10).
Finally, equation (7.12) and equation (7.13) an be dedued from equa-
tions (7.8), (5.6) and (7.11), using Id∗ωI = −ΛIdωI . 
Remark 7.13. It is not hard to prove that an almost quaternion-Hermitian
4n-manifold, n > 1, is of type Λ30ES
3H + KS3H + Λ30EH + KH + EH if
and only if equation (7.12) is satised for any loal adapted basis I, J , K.
In other words, (7.12) haraterises the vanishing of the ES3H-omponent
of the intrinsi torsion.
Let us now turn to the question of integrability of ompatible almost
omplex strutures I, J and K. Taking the following identity
NI(X,Y ) = −(∇LCX I)IY − (∇LCIXI)Y + (∇LCY I)IX + (∇LCIY I)X,
into aount, we obtain that the orresponding (0, 3)-tensor NI = 〈·, NI(·, ·)〉
is given by
NI = Jγ
−
I ∧ ωJ −Kγ−I ∧ ωK − Jγ−I ⊗ ωJ +Kγ−I ⊗ ωK , et. (7.14)
Note that equation (7.4) gives γ−A = λ
−
A, where λ
−
I = JλJ −KλK .
Fixing the almost omplex struture I and under the ation of the sub-
group Sp(n)U(1) of U(2n)I , it was noted in [20℄ that, for n > 1, W1 ⊗ C =
(Λ30E + E)(L
3 + L¯3) and W2 ⊗ C = (K + E)(L3 + L¯3). As in  5, we get
W1 = [Λ
3
0EL
3]R + [EL
3]R1, W2 = [KL
3]R + [EL
3]R2.
It is well known that, in general, the tensor NI belongs to W1+2. In our ase,
equation (7.14) gives us that NI ∈ [EL3]R1 + [EL3]R2, i.e., the omponents
of NI in [Λ
3
0EL
3]R and [KL
3]R vanish.
Using equations (7.14) and (7.11), we thus have:
Corollary 7.14. Let M be a QKT-manifold of dimension 4n > 4. Then,
for any loal adapted basis I, J,K, the following onditions are equivalent:
(i) the almost omplex struture I is integrable;
(ii) the Lee forms Jd∗ωJ and Kd
∗ωK are equal;
(iii) the one-forms JλJ and KλK are equal;
(iv) the one-forms JγJ and KγK are equal;
(v) the equation ΛKdωJ = −ΛJdωK is satised;
(vi) the equation JΛKdωI = −KΛJdωI is satised;
(vii) the equation JΛIdωK = −KΛIdωJ is satised. 
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Corollary 7.15. Let M be a 4n-dimensional, (n > 1), almost quaternion-
Hermitian with a global adapted basis I, J,K, i.e., M is equipped with an
almost hyperHermitian struture. Then the following onditions are equiva-
lent
(i) M is an HKT-manifold;
(ii) M is a QKT -manifold suh that IλI = JλJ = KλK =
1
2n t;
(iii) M is a QKT -manifold suh that Id∗ωI = Jd
∗ωJ = Kd
∗ωK and
IΛKdωJ = Id
∗ωI , et.
Proof. This is an immediate onsequene of Theorem 7.9, Proposition 7.12
and Corollary 7.14. 
Finally, lets us look at the two speial types of QKT-manifolds with in-
trinsi torsion in one summand of (K + E)H.
Lemma 7.16. An almost quaternion-Hermitian manifold M of dimension
4n > 4 is of type Λ30ES
3H +KS3H + Λ30EH +KH if and only if, for any
loal adapted basis I, J , K, we have
− IΛKdωJ = (n− 1)Id∗ωI − nJd∗ωJ − (n− 1)Kd∗ωK , et. (7.15)
Proof. We have θξ = θξI = θ
ξ
J = θ
ξ
K = 0. Equations (5.16) and (5.17) then
give
νA3 = 2AλA, ν
A
4 = (2n− 1)λ+A + 2AλA.
From these equalities together with equations (5.3), (5.5) and (4.11), we
dedue equation (7.15). 
Theorem 7.17. Let M be an almost quaternion-Hermitian 4n-manifold,
n > 1.
(i) M is of type KH if and only if M is a QKT -manifold and, for any
loal adapted basis I, J , K, equation (7.15) holds.
(ii) M is of type EH if and only if there exists a global one-form t dened
on M suh that, for any loal adapted basis I, J , K, we have
dωI = − 12n+1t ∧ ωI −K
(
KλK +
1
2n(2n+1) t
)
∧ ωJ
+ J
(
JλJ +
1
2n(2n+1) t
)
∧ ωK , et.
In this ase, M is alled a loally onformal quaternioni Kähler man-
ifold and the one-form t is given by
2(n − 1)t = 2nId∗ωI −KΛJdωI + JΛKdωI , et.
Proof. The rst part follows diretly from Lemma 7.16.
For M of type EH, then T = − 12n+1
∑
A=I,J,K At ∧ ωA. Equation (7.16)
then follows from equations (7.9) and (7.10) and Lemma 7.7. 
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8. Almost Hermitian strutures
In this setion, we will onsider almost Hermitian manifolds M of dimen-
sion 2n and the lassiation of Gray & Hervella [13℄. These manifolds are
equipped with an almost omplex struture I ompatible with a Riemannian
metri 〈·, ·〉. Therefore, their orthogonal frame bundles an be redued to
the unitary group U(n).
By identifying the intrinsi U(n)-torsion ξaH with ∇LCωI via ξaH 7→
−ξaHωI = ∇LCωI , Gray & Hervella [13℄ gave onditions haraterising lasses
of almost Hermitian manifolds by means of the ovariant derivative ∇LCωI .
The spae of intrinsi U(n)-torsions is then isomorphi to the spae W ∼=
T ∗M ⊗ Λ{2,0} of ovariant derivatives of the Kähler form ωI . Under the
ation of U(n), n > 2, W deomposes into four irreduible modules,
W = W1 + W2 + W3 + W4 ∼= Λ{3,0} + [U3,0]R + Λ{2,1}0 + Λ{1,0}.
Therefore, for n > 2, there are 24 = 16 lasses of almost Hermitian manifolds.
For n = 2, W1 = W3 = {0} and there are only 4 lasses.
On the other hand, beause dωI ∈ Λ3T ∗M = W1+3+4, only partial in-
formation about ξaH an be reovered from the exterior derivative dωI .
The remaining omponent an be found in the Nijenhuis (0, 3)-tensor NI ∈
W1+2 ⊂ T ∗M ⊗ Λ2T ∗M , whih is often more onvenient to work with
than ∇LC. Table 8.1 lists onditions haraterising the lasses of almost Her-
mitian manifolds in terms of tensors dωI and NI . The symbol NI denotes
the three-form obtained by skew-symmetrisation of NI , i.e., NI(X,Y,Z) =
SXY Z NI(X,Y,Z). The onditions are found by studying the U(n)-maps
ξaH 7→ − S
XY Z
(ξaHX ωI)(Y,Z) = dωI(X,Y,Z),
ξaH 7→ −(ξaHZ ωI)(IX, Y )− (ξaHIZωI)(X,Y )
− (ξaHY ωI)(IZ,X) − (ξaHIY ωI)(Z,X)
and realling the following well-known identity [12℄
NI(X,Y,Z) = (∇LCZ ωI)(IX, Y ) + (∇LCIZωI)(X,Y )
+ (∇LCY ωI)(IZ,X) + (∇LCIY ωI)(Z,X).
9. Twisting
In this setion we onsider the eets of twisting an almost hyperHer-
mitian in the sense of [28℄ where this onstrution was shown to be an inter-
pretation of T-duality.
Let (M, I, J,K, g = 〈·, ·〉) be an almost hyperHermitian manifold. Suppose
that X is a tri-holomorphi isometry, so
LXg = 0, LXI = 0 = LXJ = LXK.
Let Fθ be a losed 2-form with LXFθ = 0 and hoose a nowhere vanishing
funtion a ∈ C∞(M) so that Xθ = X y Fθ = −da. If P →M is a prinipal
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K NI = 0 and dωI = 0
W1 = NK dωI = −34INI
W2 = AK dωI = 0
W3 NI = 0 and d
∗ωI = 0
W4 = LCK NI = 0 and dωI = − 1n−1Id∗ωI ∧ ωI
W1+2 dωI = −14INI
W1+3 NI = 3NI and d
∗ωI = 0
W1+4 dωI = −34INI − 1n−1Id∗ωI ∧ ωI
W2+3 NI = 0 and d
∗ωI = 0
W2+4 dωI = − 1n−1Id∗ωI ∧ ωI
W3+4 NI = 0
W1+2+3 d
∗ωI = 0
W1+2+4 dωI = −14INI − 1n−1Id∗ωI ∧ ωI
W1+3+4 NI = 3NI
W2+3+4 NI = 0
W no relation
Table 8.1: The Gray-Hervella lasses of almost Hermitian strutures
haraterised by the Nijenhuis tensor and the exterior derivative of
the Kähler form.
R-bundle with onnetion θ whose urvature is Fθ, then X may be lifted to
a transverse vetor eld X˜ on P that preserves θ: the vertial omponent is
given by aY where Y generates the prinipal ation. Loally the twist W
of M by (X,Fθ , a) is the quotient W = P/〈X˜〉 with the geometry indued
from the horizontal spae H = ker θ. Eah X-invariant (0, p)-tensor κ on M
is H-related to a unique (0, p)-tensor κW on W dened by the ondition
that the pull-baks to P agree on H. Exterior dierentiation on W then
orresponds to the twisted derivative dW = d−Fθ ∧ 1aXy on invariant forms
on M .
If we twist an almost hyperHermitian struture the three-form βI =
JdωJ +KdωK transforms to
βWI = βI − 1aX♭ ∧ (J +K)Fθ.
Thus to ompute the hange of the intrinsi torsion we should deompose βWI
as in (5.1). We start by deomposing Fθ ∈ Λ2T ∗M = S2H+Λ20ES2H+S2E:
Fθ = (µIωI + µJωJ + µKωK) + (I(1)κI + J(1)κJ +K(1)κK) + αθ,
with eah κA ∈ Λ20E ⊂ S2T ∗M and αθ ∈ S2E. We have
αθ =
1
4(1 + I + J +K)Fθ, µA =
1
nΛAFθ,
A(1)κA = −14A(1 + I + J +K)AFθ − µAωA.
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We nd that
1
2(J +K)Fθ = −µIωI − I(1)κI + αθ ∈ Λ1,1I .
Proposition 9.1. Suppose W is obtained from an almost hyperHermitian
manifold M by a twist of the R-ation generated by a symmetry X and using
a urvature form Fθ. Then W arries an almost hyperHermitian struture
and the intrinsi almost quaternioni torsion is determined by the one-forms
νI4
W
= νI4 +
2
a{µI(2n− 1)IX♭ −X y αθ − IX y κI},
νI3
W
= νI3 +
4
a(2n+1)(n−1) (nIX y κI − (n− 1)X y αθ).
and three-form omponents
β
(3)
I
W
= β
(3)
I +
2
3a(2X
♭ ∧ I(1)κI + JX♭ ∧K(1)κI −KX♭ ∧ J(1)κI)
+ 23a(n−1)(2(X y κI) ∧ ωI − (KX y κI) ∧ ωJ + (JX y κI) ∧ ωK),
β
(K)
I
W
= β
(K)
I − 2aX♭ ∧ αθ
+ 23a(X
♭ ∧ I(1)κI − JX♭ ∧K(1)κI +KX♭ ∧ J(1)κI)
− 23a(2n+1) ((X y κI) ∧ ωI + (KX y κI) ∧ ωJ + (JX y κI) ∧ ωK)
− 2
a(2n+1) ((IX y αθ) ∧ ωI + (JX y αθ) ∧ ωJ + (KX y αθ) ∧ ωK).
Proof. One rst omputes the following ontration formulæ
IΛI(X
♭ ∧ αθ) = X y αθ, IΛI(γ ∧ ωI) = (2n− 1)Iγ, IΛI(γ ∧ ωJ) = Jγ,
IΛI(X
♭ ∧ IκA) = −IX y κA, IΛI(X♭ ∧ JκA) = JX y κA.
These lead diretly to the laimed expressions for νI4
W
and νI3
W
and then
give
β4I
W = β4I +
2
a(2n−1) (µI(2n − 1)X♭ + IX y αθ −X y κI) ∧ ωI ,
β
(E)
3I
W
= β
(E)
3I − 4a(2n+1)(n−1)(2n−1) (−nX y κI − (n− 1)IX y αθ) ∧ ωI
− 2
a(2n+1)(n−1) (−nKX y κI − (n− 1)JX y αθ) ∧ ωJ
− 2
a(2n+1)(n−1) (−nJX y κI − (n − 1)KX y αθ) ∧ ωK .
The remaining omponents of βI
W
are then found using (5.7) with
LI(γ ∧ αθ) = γ ∧ αθ, LI(γ ∧ ωJ) = 2Iγ ∧ ωK − γ ∧ ωJ ,
LI(γ ∧ ωI) = γ ∧ ωI , LI(γ ∧ J(1)κA) = 2Iγ ∧K(1)κA − γ ∧ J(1)κA.

Corollary 9.2. Twisting by Fθ ∈ S2E + S2H leaves ξ33, ξ3H and ξK3 un-
hanged. Furthermore,
(i) if 3Xθ = −2(n+ 2)∑A µAAX♭, then ξEH is not aeted;
(ii) if Fθ ∈ S2E, then ξE3 is unaltered.
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I, J,K {0} W1 W2 W1+2
{0} T 4n impossible impossible impossible
W3 HQ S
3×T 9 T 3×M(k)3 T 3×(Γ\H)3
W4 S
4n−1×S1 impossible impossible unknown
W3+4 S
3×T 4m+1 S3 × T 9 T 3×(Γ\H)3, T 3×M(k)3 T 3×(Γ\H)3
Table 10.1: Examples with ommon almost Hermitian strutures
Proof. The assumption on Fθ is equivalent to the vanishing of κI , κJ and
κK . We thus have β
(3)
I
W
= β
(3)
I and that β
(K)
I
W − β(K)I is independent of I,
from whih the invariane of the omponents in (Λ30E + K)S
3E + Λ30EH
follows.
The hange in IηI is
(n−1)
2na ((2n+1)(µIIX
♭−µJJX♭−µKKX♭)−Xyαθ). If
3X yαθ+(2n+1)
∑
A µAAX
♭ = 0, then there is no ontribution to
∑
AAηA
and hene no hange in ξEH . On the other hand, if Fθ ∈ S2E then eah
µA = 0, and there is no ontribution to ES
3H. 
Remark 9.3. Case (ii) shows in partiular that the QKT ondition is pre-
served by twisting with Fθ ∈ S2E.
10. Examples
In this setion we use the tehniques developed in the previous setions
to ompute the intrinsi torsion in a number of partiular examples. In the
rst instane we onsider examples whih a almost hyperHermitian with eah
Hermitian struture of the same Gray-Hervella type. From [20℄ we know that
ertain ombinations an not our. Table 10.1 gives an overview of whih
types may be obtained. The 4n-torus T 4n = Hn/Z4n is hyperKähler and so
has intrinsi torsions 0. The Hopf-like manifold S4n−1×S1 = Hn \ {0}/(q 7→
2q), is loally, but not globally onformal, to the at hyperKähler metri, so
eah almost Hermitian struture is of lass W4 and the almost quaternioni
type is EH. The other examples are desribed below.
10.1. The manifold S3×T 9. The sphere S3 is isomorphi to the Lie group
Sp(1). In the Lie algebra sp(1) there is a basis x, y, z suh that [x, y] = 2z,
[z, x] = 2y and [y, z] = 2x. From x, y, z one an determine the left invariant
one-forms a, b, c whih onstitute a basis for one-forms and their exterior
derivatives are given by da = −2b ∧ c, db = −2c ∧ a and dc = −2a ∧ b.
In the produt manifoldM = S3×T 9, we write a1, b1, c1 for the one-forms
orresponding to the fator S3 and ai, bi, ci, i = 2, 3, 4, for a basis of invariant
one forms on T 9 = (S1)9. On M we onsider an almost hyperHermitian
struture I, J , K with ompatible metri 〈·, ·〉 = ∑4i=1(a2i + b2i + c2i ) and
whose Kähler forms are given by
ωI = a2a1 + a4a3 + b2b1 + b4b3 + c2c1 + c4c3, et.(234), (10.1)
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where a2a1 = a2 ∧ a1 and et.(234) denotes the orresponding equations
obtained by simultaneously ylially permuting (I, J,K) and (2, 3, 4). Their
respetive exterior derivatives and the three-forms βA are given by
dωI = 2S
abc
a2b1c1, βI = −2S
abc
(a1b3c3 + a1b4c4) , et.(234).
Sine ΛBdωA = 0, A,B = I, J,K, we have λA = 0 and β
(E)
A = 0, for
A = I, J,K. Then, using equation (5.7), we obtain
β
(K)
I = −23 S
abc
(a1b1c1 + a1b2c2 + a1b3c3 + a1b4c4) , et.
β
(3)
I = −23 S
abc
(−a1b1c1 − a1b2c2 + 2a1b3c3 + 2a1b4c4) , et.(234).
Using Proposition 5.3 we get ψ
(3)
A = 0, ψ
(K)
A = 0, θ
ξ = 0 = θξA, for A =
I, J,K, ψ(3) 6= 0 and ψ(K) 6= 0. Therefore, we have
ξ ∈ Λ30ES3H +KH.
Note also that ξ33 6= 0 and ξKH 6= 0.
Furthermore, if we onsider the onnetion ∇˜ = ∇LC + 12T , where T is
given by
〈Y, TXZ〉 = 16
∑
A=I,J,K
(
β
(K)
A − β(3)A
)
(X,Y,Z),
we will obtain that this onnetion is metri and ∇˜I = ∇˜J = ∇˜K = 0.
Thus, we have got an example of a quaternion-Hermitian manifold, whih is
not QKT, admitting an Sp(n)Sp(1)-onnetion with skew-symmetri (0, 3)-
torsion.
We ompute the Nijenhuis (0, 3)-tensors for I, J and K via Proposi-
tion 4.3:
NI = 2a1b1c1 − 2S
abc
a1b2c2, et.(234).
Sine NI , NJ , NK are skew-symmetri, then the almost Hermitian strutures
are of a type that lies in W1+3+4. However, Ad
∗ωA = −ΛAdωA = 0 implies
that suh strutures are of type W1+3. The fats 4dωA 6= 3ANA and NA 6= 0
respetively imply that the strutures are not of the types W1 and W3.
Finally, if we make a onformal hange of metri 〈·, ·〉o = e2σ 〈·, ·〉 as in
Proposition 5.4, we obtain a new quaternioni struture with
ξo ∈ Λ30ES3H +KH +EH.
The new almost Hermitian strutures are of type W1+3+4.
10.2. The manifold S3×T 4m+1. In the produt manifoldM = S3×T 4m+1,
m > 1, we write n = m+1, a2, a3, a4 to denote the one-forms orresponding
to the fator S3 and a1, ai, i = 5, . . . , 4n, for a basis of invariant one-forms
on T 4m+1. On M we onsider an almost hyperHermitian struture I, J , K
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with ompatible metri 〈·, ·〉 = ∑4ni=1 ai ⊗ ai and whose Kähler forms are
given by the expressions
ωI =
n−1∑
i=0
(a4i+2a4i+1 + a4i+4a4i+3) , et.(234). (10.2)
Their respetive exterior derivatives and the three-forms βA are given by
dωI = −2a1a3a4, et.(234), βI = −4a2a3a4, et.
Hene, by Proposition 6.3, M is an HKT-manifold. Although this example
is already known, we wish to give a few more details. We have
Id∗ωI = −2a1, IλI = − 1n a1, νI3 = − 82n+1 a1,
νI4 = −4a1, θξ = θξI = − 14(2n+1) a1, et.,
so
ξ ∈ (K + E)H
with ξKH 6= 0 and ξEH 6= 0. Also, the three almost Hermitian strutures are
of type W3+4 \ (W3 ∪W4).
Making a loal onformal hange of metri 〈·, ·〉o = e2σ 〈·, ·〉, with σ satis-
fying dσ = 4θξ = − 1(2n+1) a1, we will obtain a new almost hyperHermitian
struture {I, J,K; 〈·, ·〉o} with
ξo ∈ KH.
However, by Proposition 5.4, we will have
Id∗ωoI = − 4(2n+1) a1, IλoI = − 22n+1 a1, νI3
o
= − 42n+1 a1,
νI4
o
= − 8n2n+1a1, θξ
o
= θξ
o
I = 0, et.,
so the identities given in Lemma 6.5 are not satised and struture is not
HKT. It has AλoA =
1
2n t
o 6= 0, but the three almost Hermitian strutures are
still of type W3+4 \ (W3 ∪W4).
Finally, for a loal onformal hange of metri by σ satisfying dσ =
− 12n−1a1, we obtain an almost hyperHermitian struture with three almost
Hermitian strutures of type W3. However, suh a struture is not HKT.
The almost quaternion-Hermitian struture has
ξo ∈ (K +E)H
but not in any submodule. In fat, we will have
Id∗ωoI = 0, Iλ
o
I = −2(n−1)2n−1 a1, νI3
o
= −4(2n−3)4n2−1 a1,
νI4
o
= −8(n−1)2n−1 a1, θξ
o
= θξ
o
I =
1
2(4n2−1)
a1, et.
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10.3. The quaternioni Heisenberg group. Now we onsider the quater-
nioni Heisenberg group HQ desribed by Cordero et al. [5℄:
HQ =




1 q1 q3
0 1 q2
0 0 1

 : q1, q2, q3 ∈ H

 ,
whih is a onneted nilpotent Lie group. A basis for the left-invariant one-
forms on HQ is given by ai, bi, ci, i = 1, . . . , 4, where
dq1 = a1 + ia2 + ja3 + ka4, dq2 = b1 + ib2 + jb3 + kb4,
dq3 − q1dq2 = c1 + ic2 + jc3 + kc4.
With ΓQ be the subgroup of matries of HQ with qi ∈ Z{1, i, j, k}, we see
that these forms desend to the ompat manifold MQ = ΓQ\HQ. Consider
the almost hyperHermitian struture on MQ with metri 〈·, ·〉 =
∑4
i=1(a
2
i +
b2i + c
2
i ), and Kähler forms given by (10.1).
Proposition 10.1 (Cordero et al. [5℄). The three almost Hermitian stru-
tures I, J , K dened on MQ are of type W3. 
Strutures of type W3 are sometimes alled balaned Hermitian.
The three-forms βA are given by
1
2βI = a1b1c1 + a1b2c2 + a1b3c3 + a1b4c4
− a2b1c2 + a2b2c1 − a2b3c4 + a2b4c3, et.(234).
Using equation (5.5), we obtain that νA3 = ν
A
4 = 0, so ξEH = ξE3 = 0 by
Proposition 5.3.
On the other hand, using equation (5.7), we obtain β
(K)
I = β
(K)
J = β
(K)
K 6=
0 and β
(3)
I + β
(3)
J + β
(3)
K = 0, with eah β
(3)
A 6= 0. Therefore, Proposition 5.3
gives ξ33 = ξK3 = 0, ξ3H 6= 0 and ξKH 6= 0. In summary,
ξ ∈ Λ30EH +KH.
10.4. The manifold T 3 × (Γ\H)3. Let H be the real Heisenberg group of
dimension 3:
H =




1 x z
0 1 y
0 0 1

 : x, y, z ∈ R

 .
A basis of left-invariant one-forms is given by {dx, dy, dz − xdy}. Let Γ be
the disrete subgroup of matries of H whose entries x, y, z are integers. The
quotient spae Γ\H is alled the Heisenberg ompat nilmanifold. The one-
forms {dx, dy, dz−xdy} desend to one-forms p, q, r on Γ\H with dr = −p∧q.
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10.4.1. A rst struture. Let M be the manifold T 3 × (Γ\H)3. On M we
onsider a basis of invariant one-forms a1, b1, c1 for T
3
and one-forms a2,
a3, a4, b2, b3, b4, c2, c3 and c4 orresponding to the fators Γ\H suh that
da2 = −a3a4, db3 = −b4b2 and dc4 = −c2c3.
On M we onsider an almost hyperHermitian struture I, J , K with
ompatible metri 〈·, ·〉 = ∑4i=1(a2i + b2i + c2i ) and whose Kähler forms are
given by the expressions (10.1).
Their respetive exterior derivatives and three-forms βA are given by
dωI = −a1a3a4, βI = −b2b3b4 − c2c3c4, et.(abc; 234).
Using equations (5.3), (5.5) and (4.11), we obtain
νI3 = −27(b1 + c1), νI4 = −b1 − c1, IλI = 16(a1 − b1 − c1), et.(abc).
Therefore, by Proposition 5.3, we get
56 θξI = −3a1 + b1 + c1, −168 θξ = a1 + b1 + c1, et.(abc).
Thus, the ξE3 and ξEH parts of the intrinsi torsion are not zero.
On the other hand, by equations (5.2) and (5.3), we have
7β
(E)
I =
∑
A=I,J,K
A(b1 + c1)ωA, et.(abc).
Hene, by equation (5.7) on β
(3+K)
A = βA − β(E)A , we have
β
(3)
I = 0, β
(K)
I = −b2b3b4 − c2c3c4 − 17
∑
A=I,J,K
A(b1 + c1)ωA, et.(abc).
Proposition 5.3 then gives ξ33 = ξ3H = 0, ξK3 6= 0 and ξKH 6= 0 and we
onlude
ξ ∈ KS3H + ES3H +KH + EH.
Let us now analyse the almost Hermitian strutures. We ompute the
Nijenhuis tensors using Proposition 4.3:
NI = b3 ⊗ b1b3 − b3 ⊗ b2b4 − b4 ⊗ b1b4 − b4 ⊗ b2b3
− c3 ⊗ c1c3 + c3 ⊗ c2c4 + c4 ⊗ c1c4 + c4 ⊗ c2c3, et.(abc; 234).
We see that the alternation of the Nijenhuis tensors NA are zero. Therefore,
the almost Hermitian strutures are of type W2+3+4.
Moreover, NA 6= 0 so the struture is not of type W3+4. Sine Id∗ωI =
−a1, et.(abc), the strutures are not of type W2+3. It an be also heked
that 5dωA 6= −Ad∗ωAωA, so the strutures also not of type W2+4.
Finally, making a onformal hange of metri 〈·, ·〉o = e2σ 〈·, ·〉 with σ is a
loal funtion satisfying dσ = 4θξ = − 142(a1 + b1 + c1), we obtain loally a
new almost quaternion-Hermitian struture {I, J,K; 〈·, ·〉o} with
ξo ∈ KS3H + ES3H +KH.
The three new almost Hermitian strutures are still in W2+3+4.
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10.4.2. A seond struture. This time, on M = T 3 × (Γ\H)3, onsider a1,
b1, c1 a basis of invariant one-forms on T
3
, as before, and let a2, a3, a4, b2,
b3, b4, c2, c3, c4 denote linearly independent one-forms on the fators Γ\H
now with da2 = −b2c2, db3 = −c3a3 and dc4 = −a4b4.
Take the almost hyperHermitian struture I, J , K with ompatible the
metri 〈·, ·〉 = ∑4i=1(a2i + b2i + c2i ) and with Kähler forms are respetively
given by (10.1).
Their respetive exterior derivatives and three-forms βA are given by
dωI = −a1b2c2 + a3b4c3 − a4b4c3, et.(abc; 234),
βI = −a1b1c4 − a1b3c1 − a2b2c4 − a2b3c2 − a2b3c3 − a2b4c4, et.(abc; 234).
Note that ΛBdωA = 0 and ΛBβA = 0, for A,B = I, J,K, so AλA = 0
and β
(E)
A = 0. This implies that ξE3 = ξEH = 0. Furthermore, using
equation (5.7) one omputes the omponents β
(3)
A and β
(K)
A and obtains that∑
A=I,J,K β
(K)
A 6= 0 and 3βA 6=
∑
B=I,J,K β
(K)
B . By Proposition 5.3, we nd
that ξK3 6= 0 and ξKH 6= 0. Also we ompute
∑
A=I,J,K β
(3)
A 6= 0 and
6β
(3)
A 6= 3
∑
B=I,J,K β
(3)
B + LA
(∑
B=I,J,K β
(3)
B
)
, so ξ33 6= 0 and ξ3H 6= 0. In
summary, we get
ξ ∈ Λ30ES3H +KS3H +KH + EH.
Now we turn to analysis of the almost Hermitian strutures. Sine Ad∗ωA =
−ΛAdωA = 0, the almost Hermitian strutures are of type W1+2+3. More-
over, using the expressions for NA in Proposition 4.3, we have
NI = −a1 ⊗ b1c2 − a1 ⊗ b2c1 + a2 ⊗ b2c2 − a2 ⊗ b1c1
+ b3 ⊗ c3a3 − b3 ⊗ c4a4 − b4 ⊗ c3a4 − b4 ⊗ c4a3
− c3 ⊗ a3b3 − c3 ⊗ a4b3 − c4 ⊗ a3b3 + c4 ⊗ a4b4, et.(abc; 234).
We nd that NA is not skew-symmetri, the alternation NA of NA is non-
zero and that 4dωA 6= −ANA. Therefore, the almost Hermitian strutures
are not of type Wi+j , for i, j = 1, 2, 3.
Making a global onformal hange we obtain almost Hermitian strutures
of the general type W1+2+3+4 whilst preserving the almost quaternion Her-
mitian type.
10.5. The manifold T 3 ×M(k)3. Let us onsider the manifolds M(k) de-
sribed in [1℄ as S1/D and studied geometrially in [6, 7, 9℄. For a xed
k ∈ R \ {0}, let G(k) be the three-dimensional onneted and solvable (non-
nilpotent) Lie group onsisting of matries:
G(k) =




ekz 0 0 x
0 e−kz 0 y
0 0 1 z
0 0 0 1

 : x, y, z ∈ R


.
A basis of right invariant one-forms on G(k) is {dx− kx dz, dy + ky dz, dz}.
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The Lie group G(k) possesses a disrete subgroup Γ(k) suh that the
manifold M(k) = G(k)/Γ(k) is ompat. One example of Γ(k) is generated
by hoosing r > 0 so that ekr + e−kr ∈ Z and then taking the subgroup
of G(k) generated by (x, y ∈ Z, z = 0) and (x = 0 = y, z = r). The given
basis of one-forms on G(k) desends to one-forms a, b, c on M(k) satisfying
da = −kac and db = kbc.
10.5.1. A rst struture. LetM be the manifoldM = T 3×M(k)3. Consider
a basis of invariant one-forms a1, b1, c1 on T
3
and one-forms a2, a3, a4, b2,
b3, b4, c2, c3, c4 orresponding on the fators M(k) with
da3 = −ka3a2, da4 = ka4a2, et.(abc; 234).
Now we onsider on M an almost hyperHermitian struture I, J , K with
ompatible metri 〈·, ·〉 =∑4i=1(a2i+b2i+c2i ) and Kähler forms given by (10.1).
The respetive exterior derivatives and three-forms βA are given by
dωI = kb1b2b3 − kc1c2c4, βI = −kb1b2b4 − kc1c2c3, et.(abc; 234).
Note that
∑
A βA = 0. Therefore,
∑
A β
(3)
A = 0 and
∑
A β
(K)
A = 0. This
implies that ξ33 = 0 and ξK3 = 0. To ompute the E-parts of βA and ξ, we
rst nd
Id∗ωI = kb3 − kc4, IΛKdωJ = −ka2 + kc4,
IΛJdωK = −ka2 + kb3, et.(abc; 234).
Using equation (4.11), we now obtain IλI =
k
3 (−b3 + c4), et.(ab;234). On
the other hand, using νA4 = AΛAβA and equation (5.5), we get
νI4 = k(−b3 + c4), νI3 = 2k7 (−b3 + c4), et.(abc; 234).
Finally, from the obtained expressions for AλA, ν
A
3 and ν
I
4 , using Proposi-
tion 5.3, we nd
θξ = 0, θξI =
5k
28 (−b3 + c4), et.(abc; 234).
Hene ξEH = 0 and ξE3 6= 0. Furthermore, sine
β
(E)
I =
k
7
∑
A=I,J,K
A(b3 − c4) ∧ ωA, et.(abc; 234),
we have LA(βB − β(E)B ) = βB − β(E)B , for A,B = I, J,K. Therefore, β(K)A =
βA − β(E)A 6= 0 and β(3)I = β(3)J = β(3)K = 0. These last laims imply ξK3 6= 0
and ξ3H = 0. In onlusion,
ξ ∈ KS3H + ES3H.
Now we analyse the almost Hermitian strutures. Using the expression
for NA in Proposition 4.3, one an obtain Nijenhuis (0, 3)-tensor for I, J and
K. These tensors NA are not zero and but their alternations NA are zero.
Therefore, the almost Hermitian strutures are of type W2+3+4.
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Moreover, NA 6= 0, this implies that the strutures are not of type W3+4.
Additionally, we have seen above that the Lee one-forms Ad∗ωA are non-
zero, so the strutures are not of type W2+3. Finally, one an easily hek
that dωA 6= −15Ad∗ωAωA, so the almost Hermitian strutures are not of
type W2+4.
10.5.2. A seond struture. We again onsider M = T 3 ×M(k)3. We take
a1, b1, c1 to be a basis of invariant one-forms on T
3
and now a2, a3, a4, b2,
b3, b4, c2, c3, c4 is basis of one-forms on M(k)
3
with
db2 = −kb2a2, dc2 = kc2a2, et.(abc; 234).
On M we onsider an almost hyperHermitian struture I, J , K with om-
patible metri 〈·, ·〉 =∑4i=1(a2i + b2i + c2i ) and Kähler forms given by (10.1).
The respetive exterior derivatives and the three-forms βA are given by
1
k
dωI = a3a4b3 − a3a4c4 − b1b2a2 + b3b4c4 + c1c2a2 − c3c4b3,
1
k βI = −a1a3b1 + a1a4c1 − a2a3b2 + a2a4c2 − b1b4c1 − b2b3a3
− b2b4a4 − b2b4c2 + c1c3b1 + c2c3a3 + c2c3b2 + c2c4a4,
et.(ab;234). Sine ΛBdωA = 0, for A,B = I, J,K, we have AλA = ν
A
3 =
νA4 = θ
ξ = θξA = 0, so ξE3 = 0 and ξEH = 0. Now, using (5.7), one an
ompute the omponents β
(3)
A and β
(K)
I . One heks that
∑
A=I,J,K β
(3)
A =
0, β
(3)
A 6= 0, the β(K)A , A = I, J,K, are distint and
∑
A=I,J,K β
(K)
A 6= 0.
Therefore, ξ33 = 0, ξEH 6= 0, ξK3 6= 0 and ξKH 6= 0. In summary,
ξ ∈ KS3H + Λ30EH +KH.
For the almost Hermitian strutures, one omputes NA via Proposition 4.3
and nd that they are non-zero but their alternations NA vanish, so the
strutures lie in W2+3+4. Sine ΛBdωA = 0, for A,B = I, J,K, we have that
the respetive W4-parts are zero. Thus, the almost Hermitian strutures are
of type W2+3. Beause NA 6= 0 and dωA 6= 0, the strutures are not of the
simple types W2 or W3.
10.6. Twisting tori. Up to this point we have obtained all the laimed
examples of Table 10.1 and determined the orresponding types of the almost
quaternion-Hermitian strutures. Let us now use the twist onstrution of 9
to give some other examples of types of ξ.
Let us rst demonstrate that the ondition in Corollary 9.2(i) an be
satised. LetM = T 4n, n > 2, with the standard at hyperKähler struture.
Take Fθ = ωI +αθ and X an arbitrary isometry. Then µI = 1, µJ = 0 = µK
and Xθ = −IX♭+X yαθ. The ondition of Corollary 9.2(i) is now equivalent
to X y αθ = − (2n+1)3 IX♭. This is satised if we take αθ = − (2n+1)3‖X‖2 (X
♭ ∧
IX♭ − JX♭ ∧KX♭). Loally, we may now twist to obtain a struture with
ξW ∈ KH + ES3H.
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Sine X♭ ∧ αθ 6= 0, α is supported on HX and n > 2, we have ξKHW 6= 0.
On the other hand the values of the µA ensure that ξE3
W 6= 0.
As seond example, onsider T 4n, n > 3 with invariant basis a1, . . . , a4n
and two-forms (10.2). Take Fθ = a2a1 + a4a3 − a6a5 − a8a7. We have
Fθ ∈ Λ1,1I orthogonal to ωI and of type {2, 0} for J and K, so Fθ = I(1)κI .
Twisting via any X suh that X y Fθ = 0 and eah AX y Fθ = 0 yields an
almost quaternion-Hermitian struture with
ξW ∈ (Λ30E +K)(S3H +H)
but not in any proper submodule. Making a onformal hange we may also
obtain strutures with intrinsi torsion in (Λ30E+K)S
3H+(Λ30E+K+E)H.
10.7. Twisting Salamon's example. Reall that Salamon [26℄ gave an
example of a non-quaternioni Kähler 8-manifold that has dΩ = 0. The
manifold is a ompat nilmanifold Γ\G, where G has a basis of left-invariant
one-forms a1, . . . , a4, b1, . . . , b4 satisfying
da2 = −
√
3a1a4 − 3a4b1, db2 = a1a4 +
√
3a4b1,
db4 = −a1a2 −
√
3a2b1 −
√
3a1b2 + 3b1b2,
with the other basis elements losed. The Lie algebra g is a diret sum R3+h,
with h two-step nilpotent. Salamon's struture is then given by (10.1) (with
ci = 0). In terms of intrinsi torsion this has
ξ ∈ KS3H.
The two-form Fθ = a1a3 + a2a4 is a losed element of S
2E and denes
an integral ohomology lass on M for an appropriate hoie of Γ. We may
thus twist using, for example, the entral vetor eld X dual to b3 to obtain
an almost quaternion Hermitian 8-manifold W with
ξW ∈ K(S3H +H).
Conformally saling these two examples we may obtain strutures with
ξo ∈ KS3H + EH and ξWo ∈ KS3H + (K + E)H.
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